In this paper, we develop a new technique for 3D cross-well electromagne tic tomography, based on an EM borehole survey consisting of a moving vertical magnet ic dipole transm itter, located in one or several boreholes, and a tri-axial induction receiver, located in the other boreholes. The method is based on the LQL approximation for forward modelling, which results in a fast inversion scheme . The method incorporates both a smooth regularized inversion, which generates a smooth image of the inverted resistiv ity, and a focus ing regu lar ized inversion, producing a sharp focused image of the geoelectrical target. The practical application of the method to synthetic data demonstrates its ability to recover the resistivity, location, and shape of resistive and conductive rock formations.
The quasi-linear approximation has proven to be a powerful tool in electromagnetic forward modelling. It is based on the ass umpt ion that the anomalous electric field within an inhomogeneous domain is linearly proportional to the background (normal) field through an elec trical reflectivity tensor. In the original formulation of the quasi-linear approximation (Zhdanov and Fang, 1996a, b) , this tensor was determined by solving a minimisation problem based on an integral equation for the scattering currents . However, the electrical reflectivity tensor depends on the illuminating (background) field. In other words, for any new position of the transmitter we have to recalculate the tensor coefficient anew. This slows down the calculations for arrays of sources , which are typica l for many geophysical applications, for example for cross-well tomography, or for well logging modelling and inversion. In this paper, we use a new approach to quasi-linear approximation based on a so-called localized electrical reflectivity tensor that is independent of the source position (Zhdanov and Tartaras, 2002) . We introduce a new approach to interpretation of the cross-well EM data, which we call "grouping". In the framework of this approach, we divide all transmitters and receivers into a number of groups, and determine the material property parameter and ele ctrical reflectivity coefficient independently for each group of transmitters and receivers. We develop a new, fast 3D EM inversion method using the LQLapproximat ion with grouping.
In the numerical inversion code, we implement options for focusing or for smooth regularized inversion. The traditional inversion methods are usually based on Tikhonov regularization theory, which provides a stable solution of the inverse problem (Tikhonov and Arsenin, 1977) . This goal is reached, as a rule, by introducing a maximum smoothness stabilising functional. The solution obtained provides a smooth image, which in many practical situations, especially in mineral exploration, does not describe properly the mining target. In cross-well imaging, we apply a different way of regularized inversion using a specially selected stabilising functional that minimises the volume where strong model paramete r variations and discontinuities occ ur (Portniaguine and Zhdanov, 1999; Zhda nov, 2002) . We demonstrate that focusing regularization helps to generate a stable solution to the cross-well EM imaging problem, and produces a more "focused" image of underground structures than conventional methods. The numerical examples demonstrate the effectiveness of this technique in 3D cross-well electromagnetic data interpretation for imaging both conductive and resistive targets.
CROSS-WELL EM TOMOGRAPIDC IMAGING BASED ON THE LOCALIZ ED QUASI-LINEAR APPROXIMATION
We consi der a case of cross -wel l electromagnetic (EM) tomograp hy, based on an EM borehole survey consisting of a moving vertical magnetic dipole transmitter, located in one or several boreholes, and a tri-axial induction receiver, located in the other boreholes. The transmitter generates a frequency-domain EM field. The receivers measure three magnetic field components H" H" and H, . The goal is to reconstruct the three-dimensional conductivity distribution in some anomalous area D between two boreholes, assumi ng that the background 0;. can be represented by the known horizontally layered conductivity.
In the framework of the integral equation (IE) numerical modelling method, the anomalous electric field E" and magnetic field H", due to a 3D inclusion with anomalous conduc tivity M , located between the boreholes in a layered background, are given as an integral of the anomalous conductivity and the total electric field over the anomalous domain D:
where G.(r) r ) and GH (r) r ) are the electric and magnetic Green's tensors defined for an unbounded conductive medium with the background conductivity crb ; GE and GH are corresponding Green 's linear operator s. The background electric field E' is gene rated by the given transmitter s in the model with a background distribution of conductivity c; Our goal is to find the anomalous conductiv ity from the measurements of the anomalous magnetic field obtained by the moving tri-axial induction tool.
In the framework of the LQL approximation, we assume that the anomalous electric field inside the anomalous domain is linearly proportional to the background electric field through an electrical reflectivity coefficient A,,
where I is the index of the transmitters . Thus, for different transmitter positions we have, in general, different refleetivity coefficients }., .
Substituting equation (3) back into equations (I) and (2), we find 
N I_I is the averaged background field. Using these notations, equation (7) takes the form
We assume now that the anomalous parts of the electric, E;(r j ) , and/or magnetic, H;(r) , fields are measured at a number of observation points, rj Using the LQL approximation for the 
where d. stands for the elec tric or magnetic field, E or H, and G d denotes operator G, or GH correspondingly. We now calculate the average values of the left-hand and right-hand sides of equat ion (I I ), taking into account that G, is a linear operator:
where d stands for the averaged observed data: (rj) .
Following Zhdanov and Fang (l996a) and Zhdanov and Fang (1999) , we introduce a new function,
Substituting equation (13) into equation (12), we arrive at the following equation
which is linear with respect to the material property parameter mer ) .
We can consider now a new inverse problem, with respect to the parameter m, represented by equat ion (14), which is a linear problem. Note that this linear problem is formulated for all possible transmitter and receiver positions simultaneously! Thus, by using the LQL approximation we arrive at one linear inverse problem for the entire observation array.
This linear problem is solved by using the re-weighte d conjugat e method with image focusing. The focusing algorithm is based on application of a special stabilising functional, which minimises the volume where strong model parameter variations and discontinuities occur. As a result, we can reconstruct a geoelec trical model with sharp boundaries between different rock formations. More details about this approach can be found in the monograph on inversion theory by Zhdanov (2002) . According to eq uation (10), after determining parameter m we can find the electric al reflectivity coefficient A., as the solution of the following minimi sation problem:
Finally, we find ~(J from equ ation (13).
Note that, in a pract ical implemen tation of this me thod for the inversion of multi -transmitter and multi-re ceiver data, we can use the "grouping" approac h. In the framew ork of this approach, we divide all transmitters and receive rs into a number of groups and determine the material property parameter and ele ctric al reflectiv ity coe ffic ient independently for each group of transm itters and rece ivers. This technique is helpful in a situa tion where the differe nt gro ups of the transmitters illuminate the geoelec trical target from different directio ns. In this case , the avera ging outlined by equa tions (6) and (12 ) should be con ducted only within each group. As a res ult, equation (14) should be written now separate ly for each group: =N L,d,,(r J ) g 1,_' In the last equations, G is the number of groups, N, is the numbe r of transmitters within the correspond ing group, and m,(r ) is a material property parameter for a given group .
The reflectivi ty coefficien t AM is determ ined now for each group independently, from the equ ation 
NUMERICAL MODELLING RESULTS
We generated synthetic EM data for typical geoele ctrical models of conductive or resi stive targets within a homogeneo us backgro und. Model I represents a cubic conductive body with resistivity of I ohm.m in a 100 ohm.m homogeneous background ( Figure I ). The body is located at the centre between two boreholes. The body sides in the x, y, and z directions have a length of 20 m. The electromagnetic field in the model is generated by a vertical magne tic dipole transmitter moving vertically along the left borehole and transmitting a signal every 10 metres. The tri-axial magnetic component receivers are located along the right borehole, deployed in the z-direction with 10 m separation. The total number of transmitter positions is 15. The total number of receivers is 15. T he synthetic EM data for this model were generated using the integral equation SYSEM forward modelling code (Xiong, 1992) . We use four frequencies: 10, 30, 100, and 300 Hz. The synthetic observed data were contaminated by 2% Gaussian noise and inverted using smooth and focusing regularized QL inversion. The volume between two boreholes, used for inversion, was divided into 896 cells (8 x 8 x 14 cells in x x y x z directions), with the cells 10 x 10 x 10 m in size. Note that in order to generate good quality synthetic data, we used finer discretization for forward modelling than for invers ion. Spe cifically, in forward modelling the conductive body was divided into 125 cells (5 x 5 x 5 cells in x x y x z directions), with 5 x 5 x 5 m cells.
In the inversion procedure we apply the grouping of the transmitters, outlined in the previous section. We divide all the transmitters into three groups: one is formed by the transmitters TI -T5, the other one is formed by the transmitters T6-TIO, and the last one consists of the transmitters TII-Tl5, as shown in Figure 1 . In this way, we achieve uniform illumination of the target from top to bottom, which increases the resolution of the inversion. The selection of the cut-off value for 3D imaging is based on the analysis of the resistivity model presented in Figure 2 . In practical applications, one can choose different cut-off values to produce the most suitable images for further geological interpretation.
Model 2 represents a dipping conductive body with resistivity 10 ohm.m in a 100 ohm.m homogeneous background (Figure 4) . The EM field in this model is generated by two syste ms of vertical magnetic transm itters located in both boreholes. We also use two sets of receivers in the left and right boreh oles. The synthetic data for this model for four frequencies, 10, 30, 100, and 300 Hz, were also computed using the integral equa tion forwar d mode lling code . The data were contaminated by 2% Gaussian noise and inverted using smooth and focusing regula rized QL inversion. We use the same grid for inversio n as for Model I.
We also apply grouping of the transm itters, outlined in the previous section, in the inversion procedure. We now divide all the transmitters and receivers into six groups: the first group is formed by transmitters TI -T5 in the left boreho le and all rece ivers in the right boreho le; the second is formed by transmitters T6-TIO in the left borehole and all receivers in the right borehole ; and the third is formed by transmitters TI I-Tl 5 in the left borehole and all receivers in the right borehole. The other three groups are selected in a similar way, but with the transmitte rs located in the right boreho le and the receivers in the left borehole . In this way, we achieve more homogeneous illumi nation of the target from top to botto m and from different boreholes. Figure 5 presents the results of a traditional smooth inversion with the minim um norm stabilising functional (Zhdanov, 2002) for Model 2, the conductive dipping dike. We can see the location of the target in this image; however, the resistivity is significantly smoothed and overestimated . image is sharp and clear, but the resistivity recovered is slightly overestimated for this conductive model. Note that the inversion was based on an approxima te forward modell ing solution, used with LQL approximation. In the case of a conductive target, this approximation may slightly underestimate the effect of the vortex term in the conductor, which may result in a lower conductivity of the resulting mode l. However, the shape and location of the target is reconstructed very well, which confirms the effectiveness and acc uracy of using the LQL approximation in cross-well imaging. Fig. 9 . A cross-section between two boreholes of the model obtained as a result of smooth inversion of the cross-hole tomograp hic data for Model 3. The bold numbers on the left and right of the cross-section correspond to the positions of the transmitters cross-borehole EM survey design is similar to that con sidere d for Model 2 with transmitters and receivers located in both boreholes. Four frequencies (10, 30, 100, and 300 Hz) have been used for computi ng the synthetic observed data, which were contaminated by 2% Gaussian noise. However, for this model we used a much finer discretization. The volume between the two bore holes, used for inversion , was divided into 7 168 cells ( 16 x 16 x 28 cells in x x y x z directions), with the size of the cells 5 x 5 x 5 m.
The results of smooth and focusing inversion are shown in Figures 9 and 10 . The se figures represen t the vertical cros s secti ons of the smoot h mode l and the mo de l with shar p boundaries, obtaine d by LQL inversion. Both of these models fit the data with the same accuracy of 3%. However, the images are qu ite different, which refle cts the differen t nature of the smooth inversion and focusing inversion meth ods (Zhda nov, 2002) . In mineral exploration, of co urse, a focused image with sharp geoe lectrical bound aries is much preferred to a smoo thed image. In order to check the accuracy of the LQL approximation, we conducted a numerical comparison between the observed data and predicted data computed with the rigorous IE code for the model obtained using focusing inversion . Figure 12 presents a result of such a comparison . The inversion was based On an approximate forward modelling solution with LQL approximation. However, the data shown in Figure 12 were obtained for an inverse model by rigorous forward modelling . The top panels show the rea l and imaginary parts of the horizontal magnetic field component H. at frequency 100 Hz, predicted with the rigorous IE code from the inversion results . The middle panels present the real and imaginary part of the horizontal magnetic field component H.. The bottom panels show the normalized difference (in percent) between the observed data and data predicted with the rigorous IE code. We observe an extremely good fit between the theoretical observed data and the predicted data (the maximum errors do not exceed 5%), which confirms the effectiveness and accuracy of the LQL approximation.
CONCLUSION
We have developed a new techni que for 3D cross -we ll electromagnetic tomogra phic imagi ng. The method is based on the LQL approximation for forward modelling, which results in a fast inversio n scheme.
The method incorporates both smooth regularized inversion, which generates a smoo th image of the inverted resistivity, and focusing regularized inversion, produci ng a sharp focused image of the geoelectrical target. The pract ical application of the method to synthetic data demo nstrates its ability to recover the resistivity, location , and shape of resistive and conductive rock formations.
Further research will be directed to examin ing the practical effectiveness of the method for real cross-we ll tomographic data.
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